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Abstract. In this note we describe how an associative memory can be applied to
restore a word to its original “position” given a permutation of its letters. The idea
is to first memorize a set of original words with different number of letters. Then
the issue is to find the correct word given a permutation of its letters. We provide
the formal conditions under which the proposal can be used to perfectly restore
the desired word. We also give several examples to show the effectiveness of the
proposal.

1 Introduction

A very well known word game is the following: Suppose we are given a set S, of p
different words of different cardinality C (wl. ),i =1,2,..., p (by cardinality we mean

the number of letters of word W, ). From this set, at random, we have a word w; but

with its letters scrambled. After scrambling, some of the letters of the words will
remain in their original positions, but some others not. The issue is to find the
corresponding original word.

We humans do have a notable capacity to solve problems like this by iteratively
exchanging the positions of the scrambled letters and making guesses. An exhaustive
rearranging of all possible combinations would allow us to sooner or later find the
searched word. By taking into account the orthographical rules of forming words
would reduce the searching space. When the number of words, p, grows, the
complexity of searching also grows.

Associative memories have been used for years to recover patterns from the
unaltered or altered patterns keys. See for example [1-9]. In this work we propose to
use an associative memory to restore a given word given a permutation of its letters.

2 Basics About Associative Memories

As defined by several researchers, an associative memory, denoted as M is a device
with the capacity to relate input patterns and output patterns: X - M — y, with x

and y, respectively the input and output patterns vectors. Each input vector forms an
association with a corresponding output vector.
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An associative memory M is represented by a matrix whose #j-th component is
m;. Matrix M is generated from a finite a priori set of known associations, known as
the fundamental set of associations, or simply the fundamental set (FS). If £ is an
index, the fundamental set is represented as: {(xg,y‘f |&=12,...,p; with p the

cardinality of the set. Patterns that form the fundamental set are called fundamental
patterns.

If it holds that X° =y° V £ € {1,2,. . p}, then M is auto-associative, otherwise
it is hetero-associative. A distorted version of a pattern x to be recalled will be denoted
as X . If when presenting a distorted version of X" with we {1,2,..., p} to an
associative memory M, then it happens that the output corresponds exactly to the

associated pattern Y, we say that recalling is robust.

3 Basics of Median Associative Memories

Median associative memories (MEDMEMs) first proposed in [9], have proven to be
very powerful tools to recover patterns from distorted versions of their corresponding
keys. Two associative memories are fully described in [9]. Due to space limitations,
only hetero-associative memories are described. Auto-associative memories can be

obtained simply by doing X° =y° V& 6{1,2,... p}. Let us designate Hetero-
Associative Median Memories as HAM-memories.

3.1 Memory construction

Two steps are required to build the HAM-memory. Let X€ Z" and y € Z" two
vectors:
Step 1: Foreach £=1,2,---, p, from each couple (Xét ,yé) build matrix: M¢ as:

A(ylsxl) A(y13x2) A(yl’xn)
A(yz’x1) A(yz’xz) A(yzaxn) 1)
A(ym’xl) A(ym’XZ) o A(ym’xn) mxn

Step 2: Apply the median operator to the matrices obtained in Step 1 to get matrix M
as follows:
P
M:med[Mg]. )
&=
The #j-th component M is given as follows:
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m, :ng;dA( f,xé). €)

3.2 Pattern recall

We have two cases:
Case 1: Recalling of a fundamental pattern. A pattern X", with w € {1,2,- N p} is
presented to the memory M and the following operation is done:

MO x". “4)

The result is a column vector of dimension 7, with i-th component given as:

i

(MO, x"), = n}édB(my.,x;”). 5)

Case 2: Recalling of a pattern from an altered version of it. A pattern X (altered

version of a pattern X" is presented to the hetero-associative memory M and the
following operation is done:

MO, X . (6)

Again, the result is a column vector of dimension #, with i-th component given as:

(M0,x) =q}§ldB(mU,xj). %)

i

Operators A and B might be chosen among those already proposed in the literature. In
this paper we adopt operators A and B used in [5]. Operators A and B are defined as
follows:

A(x, y) =x-y (8.2)

B(x,y)=x+y (8.b)

Sufficient conditions, for perfect recall of a pattern of the FS or from an altered
version of them, according to [9] follow:

Proposition 1 [9]. Let {(X“,y“)| a =1,2,...,p} with X* € R", y* € R"” the
fundamental set of an HAM-memory M and let (Xy Yy ) an arbitrary fundamental

couple with y e {1,---,p}. If n}édgij =0, i=l-m, & =m, —A(yiy,x;) then

(MOBxy)i =yli=1..m.

Corollary 1 [9]. Let {(x“,y"‘)| a =1,2,...,p}, x“ eR", y“ eR". A HAM-
median memory M has perfect recall if for all @ =1,---,p, M“ =M where
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M= y§<> A (X§ )t is the associated partial matrix to the fundamental couple (Xa 9 )
and p is the number of couples.

Proposition 2 [9]. Let {(X“,y“)| a :1,2,...,p}, x“eR", y* €eR" aFS with

perfect recall. Let 77“ € R” a pattern of mixed noise. A HAM-median memory M has
perfect recall in the presence of mixed noise if this noise is of median zero, this is if

med7? =0,Va.
j=1

3.3 Case of a general fundamental set

In [10] was shown that due to in general a fundamental set (FS) does not satisfy the
restricted conditions imposed by Proposition 1 and its Corollary, in [10] it is proposed
the following procedure to transform a general FS into an auxiliary FS’ satisfying the
desired conditions:

TRAINING PHASE:

Step 1. Transform the FS into an auxiliary fundamental set (FS”) satisfying Theorem 1:
1) Make D = cont, a vector.
2) Make (XI,YI)Z(XI,yI).
3) For the remaining couples do {
For £ =2 top {

<o

X :§§_1+D; £ =x"

Xy ey Dy ey oy

Step 2. Build matrix M in terms of set FS’: Apply to FS’ steps 1 and 2 of the training
procedure described at the beginning of this section.

RECALLING PHASE:
We have also two cases, i.€.:

Case 1: Recalling of a fundamental pattern of FS:
é

1) Transform X° to ig by applying the following transformation:

Xt =xf+gf
2) Apply equations (4) and (5) to each ié of FS’ to recall §§ .
3) Recall each yé by applying the following inverse transformation: yé = §§ — yé .

Case 2: Recalling of a pattern y‘f from an altered version of its key: X ;
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1) Transform X to ;: by applying the following transformation:
x* =% +%%.
2) Apply equations (6) and (7) to ié to get ;5 , and

3) Anti-transform §§ as y§ = §§ —y§ to get yg.

In general, the noise added to a pattern does not satisfy the conditions imposed by
Proposition 2. The following result (in the transformed domain) state the conditions
under which MEDMEMs present perfect recall under general mixed noise [11]:

Proposition 3 [11]. Let {(X“,ya)| o= 1,2,...,p}, x“eR", y*"eR"a
fundamental  set x"'=x°+D, y§+1 = yé +D, E=12,....p,
D= (d oo, d )T, d = Const . Without lost of generality suppose that is p odd.

£ T
Thus the associative memory M =y~ 0, (Xé) has perfect recall in the presence of

noise if less than (n-i—l)/ 2—1 of the elements of any of the input patterns are
distorted by mixed noise.

4 The Proposal

The proposal to solve the problem described in section 1 is composed of two phases:
Construction of the banks of memories and restoration of the word. The steps of each
of these two phases are next explained. Also, in which follows, letters of words are
represented in decimal ASCII code before further processing. This way letter “A” is
represented thus as 65 in decimal ASCII code, letter “B” as 66, and so on.

4.1 Phase 1: Construction of the bank of memories

This phase has two steps as follows. Given a set S, of p different words with

different cardinality C (Wi ),i =12,....p:

Step 1:  Group words according to their cardinality.

Step 2:  For lowest cardinality C to biggest cardinality C,

lowest iggest :
1. Codify each word as explained.
2. Due to each FS does not satisfy conditions stated by Theorem 1 and
Corollary 1, transform corresponding FS to auxiliary fundamental set
FS’.
3. Built corresponding memory M.
4.3 Phase 2: Word restoration

This phase follows four steps. Given a scrambled word:
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Step 1:  Codify word in decimal ASCII code as explained.

Step 2:  Transform codified version as explained in step 1 of case 2 of recalling
phase (Section 3.3).

Step 3:  Apply equations (6) and (7) to transformed version.

Step 4:  Anti-transform recalled pattern to get desired pattern (step 3 of case 2 of

recalling phase (Section 3.3)).

S Numerical Example

To better understand the functioning of the proposal, let us suppose that we are given

the following two sets of Spanish words grouped by cardinality 4 and 5 as follows:
{Gato, Sebo, Trio} and {F¢lix, Lanar, Opino}.

Represented in decimal ASCII code, these two sets are as follows:

{(71,97,116,111),(83,101,98,111),(84,114,161,111)}
and
{(70,130,108,105,120),(76,97,110,97,114),(79,112,105,110,111)}.
Phase 1: Memory construction:

Step 1: Transformation of FS to auxiliary FS: Suppose thatd =10 :

First FS. Words Gato, Sebo and Trio Second FS. Words: Félix, Lanar and Opino
Transformed vector Difference Transformed vector Difference
(71,97,116,111) (0,0,0,0) (70,130,108,105,120) (0,0,0,0,0)
(81,107,126,121) (-2,6,28,10) (80,140,118,115,130) (4,43,8,18,16)
(91,117,136,131) (-7,3,-25,20) (90,150,128,125,140) | (11,38,23,15,29)

Step 2: Construction of memories:

According to the material exposed in Section 3.1 we have to memories, one for words

of cardinality 3 and one for words of cardinality 4:

0 26 _45 40 0 -60 -38 -35 -50
60 0 22 25 10
S U TS
e M?*=|38 -22 0 3 -I2
0 14 -5 o 35 -25 -3 ~15
50 10 12 15 0

Phase 2: Word restoration:

Example 1: Given altered version Lanra, reconstruct corresponding word (Lanar):

Solution:
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Step 1: Codification of word: Decimal ASCII code for scrambled version Lanra is:
(76,97,110,114,97).

Step 2: Transformation of word: By adding difference vector (4,43,8,18,16) to altered
version we get transformed vector (step 1 of case 2: Recalling of a pattern from an
altered version of its key):

(76,97,110,114,97) + (4,43,8,18,16) = (80,140,118,132,116)

Step 3: Application of corresponding memory transformed version: In this case we
apply matrix M?* and equations (6) and (7) to transformed version. We get:

(80,140,118,115,130)

Step 4: Anti-transformation of recalled pattern to get desired pattern. As explained in
section 4.3 this is done by subtracting from recalled pattern corresponding difference vector. In
this case vector (4,43,8,18,16). We get:

(80,140,118,115,130) - (4,43,8,18,16) = (80,140,118,97,114),

which corresponds as you can appreciate to word: Lanar.

6 Experimental Results

In this section we show how the proposal described in section 4 can be used to recover
a given word from a scrambled version of its letters. For this the set Spanish words
shown in Table 1 is used:

Number of letters per word and words used in the experiments

5 7 9
ABRIR DECIMAL CASADEROS
FELIX FLUVIAL COLIBRIES
IBIZA FORMADO INCOMODEN

LANAR IDIOTEZ POPULARES
OPINO LINCHAR VIOLENCIA
PANAL OSTENDE -
RUEDA SEMANAL -
RUGBY - -
TRINA - -

Table 1. List of words used in the experiments.

6.1 Memory construction

Each word is first codified in decimal ASCII as specified. Each set of codified words,
beginning by words cardinality 5 and ending with words of cardinality 9, is then
transformed to its corresponding auxiliary fundamental set. First codified word of each
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set is used to build corresponding associative memory. At the end of the process we
end with six matrices: M', M? and M*. Matrix M' codifies the information of
words with 5 letters. Matrix M? codifies the information of words with 7 letters, while
matrix M codifies the information of words with nine letters.

6.2 Recalling of each fundamental set

Each word of each set was transformed and presented to its corresponding memory. Of
course, due to Theorem 1 and its Corollary all words were perfectly recalled.

6.3 Recalling of a word from a distorted version of it (first experiment)

In this experiment less than 50% of the letters of each word of Table 1 were
exchanged. In the case of words of five letters two letters were chosen, in the case of
words of seven letters three letters were chosen, and in the case of the words of nine
letters four letters were exchanged. One scrambled version of each word was
generated. Each scrambled version was processed as described and the results were
summarized in Table 2. As can be seen from this table, in all cases the desired word
was correctly recalled. This of course is an expected result due to the noise added to the
patterns satisfies the conditions for recalling specified by Proposition 3.

6.4 Recalling of a word from a distorted version of it (second experiment)

In this experiment more than 50% of the letters of each word of Table 1 were
exchanged. In the case of words of four letters two letters were chosen, in the case of
words of seven letters six letters were chosen, and in the case of the words of eight
letters four letters were exchanged. One scrambled version of each word was
generated. Each scrambled version was processed as described and the results were
summarized in Table 3. As can be seen from this table, in some cases the desired word
was not correctly recalled, in other cases it was. One can ask why of this fact. In the
one hand it was simply because the percentage of 50% given by Proposition 3 was
surpassed. In the other hand we have to remember that if the noise added to a pattern is
median zero, it does not matter how the pattern is altered it should be correctly
recalled. This is exactly what is happening in this case. Let us take for example altered
version FDOAMOR (decimal ASCII code: 70 68 79 65 77 79 82) of word FORMADO. You
can easily verify that the noise added to word DECIMAL (decimal ASCII code: 70 79 82 77 65
68 79) is:

70 68 79 65 77 79 82

70 79 82 77 65 68 79

0 -11 -3 -12 12 11 3

By arranging the component of last row and by taking the median we have that the
median of the noise added to word in ASCII code equals median (-12,-11,-
3,0,3,11,12)=0. Thus despite more than 50% of the components of the word are
modified correct recalled is obtained. In the remaining cases the word was not correctly
recalled because more than 50% of its components were altered and because the noise
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added to the word has no median equal to 0. From this we can conclude that
Proposition 2 is a stronger than Proposition 3.

Word | Generated word | Recalled word Word Generated word | Recalled word
ABRIR AIRBR ABRIR DECIMAL DECLMAI DECIMAL
FELIX XELIF FELIX FLUVIAL ALUVIFL FLUVIAL
IBIZA 1AIZB IBIZA FORMADO | FOOMADR FORMADO

LANAR LANRA LANAR IDIOTEZ ZDIOTEI IDIOTEZ
OPINO OIPNO OPINO LINCHAR LIACHNR LINCHAR
PANAL PALAN PANAL OSTENDE ESTONDE OSTENDE
RUEDA RAEDU RUEDA SEMANAL SAMANEL SEMANAL
RUGBY RUGYB RUGBY - - -
TRINA RTINA TRINA - - -
(a) (b)
Word Generated word | Recalled word
CASADEROS | CESADAROS | CASADEROS
COLIBRIES | COLIBIRES | COLIBRIES
INCOMODEN | INCOMODEN | INCOMODEN
POPULARES | PUPOLARES | POPULARES
VIOLENCIA | VIOCENLIA | VIOLENCIA
(©)

Table 2. Recalling results. (a) Words of five letters. (b) For words of 7 letters. (c) For
words of 9 letters. In all cases the desired word was correctly recalled.

Word | Generated word | Recalled word Word Generated word | Recalled word
ABRIR ARIRB ABRIR DECIMAL LACEDMI ABAFJAI
FELIX FXLEI FELIX FLUVIAL UILLVAF CIRSFAI
IBIZA 1ZAIB IBIZA FORMADO | FDOAMOR FORMADO

LANAR LNARA LANAR IDIOTEZ TENIZDO IDIOTEZ
OPINO ONOPI OPINO LINCHAR NCLRHIA LINCHAR
PANAL PLANA PANAL OSTENDE DTNSOEE PTUFOEF
RUEDA REAUD RUEDA SEMANAL MSEALNA QCKALAJ
RUGBY RYBUG RUGBY - - -
TRINA TANIR TRINA - - -
(a) ()
Word Generated word | Recalled word
CASADEROS | SACORADSE | CASADEROS
COLIBRIES | RIESBCLIO | COLIBRIES
INCOMODEN | MEDONCNOI | JODPNPEFO
POPULARES | LAROPUSEP | POPULARES
VIOLENCIA VAICNELOI VIOLENCIA
(©

Table 3. Recalling results. (a) Words of five letters. (b) For words of 7 letters. (c) For
words of 9 letters.

It is worth to mention than during recall if the value of a recalled letter goes under
the value 65 (‘A’) or above the value 90 (‘Z’), this value is to 65 and 90. This way in a
recalled word we avoid having symbols different from letters.
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7 Conclusions and Present Research

In this brief note we have shown how an associative memory can be used to find
(recover) a desired word given a scrambled version of it. The scrambled version is first
taken to a transformed domain were it can be operated by the corresponding memory.
This operation automatically reorders the letters of the scrambled word.

In the general case we do not know from which word a distorted version was
obtained. We are actually working through an efficient method that allows to recognize
a given from a distorted version of it without having to compare it with all possible
words. We are also looking for more real situations were the proposal could find
applicability.
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